AROUND OPERATOR MONOTONE FUNCTIONS 

MOHAMMAD SAL MOSLEHIAN AND HAMED NAJAFI 

Abstract. Wc show that the symmetrized product AB + BA of two positive oper- 
ators A and B is positive if and only if f{A + B) < f{A) + f{B) for all non-negative 
operator monotone functions / on [0, oo) and deduce an operator inequality. We also 
give a necessary and sufficient condition for that the composition / o 17 of an operator 
convex function / on [0, cxj) and a non-negative operator monotone function g on an 
interval (a, b) is operator monotone and give some applications. 



1. Introduction 

Let M{^) denote the algebra of all bounded linear operators on a complex Hilbert 
space {Jif, (■, ■)). An operator A G M{Jif) is called positive if {Ax, x) > holds for every 
X G and then we write A > 0. The set of all positive operators on Jif is denoted 
by B(^) + . For self-adjoint operators A, B e l(^), we say A < B if B - A > 0. 
The symmetrized product of two operators A, B ^ M{J^) is defined by S{A, B) = 
AB + BA. In general, the symmetrized product of two operators A, B E M{Jif)^ is 

not positive. For example, if ^4 = | ^ | and B = i | , then AB -\- BA is not 

\0 J \1 1 J 

a positive operator. The operator ^S{A, B) is called the Jordan product of A and B. 

Nicholson [11] and Strang [12] introduced some sufficient conditions for that the Jordan 

product of two positive matrices A and B is positive. Also Gustafson [7] showed that 

ifO<m<yl<MandO<n<S<iV, then 

^n- '^-f -") <ig(Ai». (1) 

Throughout the paper we assume all functions to be continuous. Let / be a real-valued 
function defined on an interval J . If for each self-adjoint operators A,B E M{J^) with 
spectra in J, 

• A < B implies f{A) < f{B), then / is called operator monotone; 
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• f{\A + (1 - \)B) < \f{A) + (1 - X)f{B) for all A G [0, 1], then / is said to be 
operator convex; 

• f{A + B) < f{A) + /(S), then / is called subadditive. 

If / is an operator monotone function on [0, oo), then / can be represented as 

f°° Xt 

fit) = /(o) + Pt + J^ XTt "^^^-^^ ' 

where /3 > and fi is a positive measure on [0, oo) and if / is an operator convex 
function on [0, oo), then / can be represented as 

/oo \ .2 

where 7 > 0, /3 = /+(0) = limj_j.o+ and /x is a positive measure on [0,oo); 

see [5, Chapter V]. If / is a non-negative operator monotone function on [0, oo), then 
the subadditivity of / does not hold in general. Aujla and Bourin [2] showed that if 
A, B > are matrices and / : [0, oo) — ?■ [0, oo) is a concave function, i.e. — / is convex, 
then there exist unitaries U, V such that 

f{A + B)< Uf{A)U* + Vf{B)V* . 

Regarding the subadditivity property, Ando and Zhan [I] proved that 1 1 1/(^4 + i?)||| < 
|||/(v4) + /(i?)||| for all non-negative operator monotone functions /, all unitarily in- 
variant norms ||| ■ ||| and all matrices A,B >0] see also [3]. Recall that a norm ||| ■ ||| 
on the algebra of all n x n matrices is unitarily invariant if |||^||| = |||?7Xy||| for all 
unitaries U and V and all matrices X. 

Throughout this paper M{J^) denotes the set of all {A, B) e B(^)+ x M{J^)+ for 
which f{A + B) < f{A) + f{B) for all non-negative operator monotone functions / on 
[0, oo). We shall show that 

MiJ^) = {{A, B) e M{J^)+ X B(jr)+| AB + BA>0}. 

We apply this result to present an operator inequality involving operator monotone 
functions analogue to that of Hansen [9]. We also give a necessary and sufficient 
condition for the composition fog of an operator convex function / on [0, oo) and a non- 
negative operator monotone function g on an interval (a, b) to be operator monotone 
and deduce some operator inequalities. 

2. The results 
We start this section with one of our main results. 
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Theorem 2.1. Let A, B E Then AB+BA is positive if and only if f{A+B) < 

f{A) + f{B) for all non-negative operator monotone functions f on [0, oo). 

Proof. Suppose that f{A + B) < f{A) + f{B) for aU non-negative operator monotone 
functions / on [0, oo). Let A G (0, oo). The function fx{t) = ^ is operator monotone 
on [0, oo). Hence 

{A + B){X + A + B)-^ < A{X + A)-' + B{X + B)-^ . (2) 

Put Xx = A{A + A)"^ and Yx = B{B + A)~^ Inequahty (2) is equivalent to 

{X + A + B){A + B)<{X + A + B)XxiX + A + B) 

+ {X + A + B)Yx{X + A + B) 
= X^Xx + 2XAXx + XBXx + XXxB + AXxA + AXxB 
+ BXxA + BXxB + X^Yx + 2XBYx + XAYx 
+ XYxA + BYxB + BYxA + AYxB + AYxA . 

Since BYx = YxB = B — XYx and AXx = XxA = A — XXx the above inequahty is, in 
turn, equivalent to 

X{A + B) + + B^ + AB + BA < X{A + B) + A^ + B^ 

+2{AB + BA) + BXxB + AYxA 

or 

AB + BA + BXxB + AYxA > . (3) 

Letting A oo we get BXxB + AYxA -> 0, whence AB + BA> 0. 

Conversely, assume that AB + BA > 0. Since inequality (3) holds for each A G M.,., 
we obtain fx{A + B) < fx{A) + fx{B). Now, if / be a non- negative operator monotone 
function on [0, oo), then / can be represented on [0, oo) by 

POO 

/(t) = /(0) + /3t+ / /A(t)rfMA), 
Jo 
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where (3 > and /i is a positive measure on [0,oo). Since /(O) > 0, without loss of 
generahty, we can assume that f{t) = fxit)dfi{X). Therefore 

POO 

f{A + B) = / MA + B)dfiiX) 
Jo 

POO 

< / ifxiA) + MB))dfiiX) 



MA)df,{X)+ I fx{B)dfi{X) 
f{A) + f{B). 



□ 



li A,B G commute, then AB = [A^I'^B^I'^f > 0. The above theorem 

therefore shows that f{A + B) < f{A) + f[B) for any non-negative operator monotone 
function / on [0, oo). In particular, for each ?i G N we have f{nA) < nf{A). 

Corollary 2.2. Let < m < A < M, < n < B < N and f be a non-negative 
operator monotone function on [0, oo). // [M — m){N — n) < 8mn, then 

f{A + B)<f{A) + f{B). 

Proof. Use inequality (1). □ 

Corollary 2.3. Let < p < and f be a non-negative operator monotone function 
on [0, oo). Then for positive operators A and B with A < B it holds that 

f BP AP\ f BP - AP 



Proof. Assume that Si = \ {Bp + Ap) and 82 = ^ {Bp - Ap). Clearly Si > and due 
to f{t) = tP is operator monotone [6, Theorem 1.8], 5*2 > 0. We have 

2{SiS2 + S2S1) = {Si + ^2)' - {Si - S2f = B^P - A^P > 0, 

since f{t) = t^P is also operator monotone. Therefore 

f BP + AP\ f BP - AP\ 

f {sn = fiSi + ^2) < f{Si) + f{S2) = f j + / j • 

□ 

Let m < M < (2a/2 + l)m. liO<m<A, B<M, then inequality (1) ensures 
that AB + BA is positive. From this we can introduce an inequality for non-negative 
operator monotone functions. We should notice that Hansen [!)] proved that an operator 
monotone function / on [0,oo) satisfies the inequality C*f{A)C < f{C*AC) for all 
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positive operators A and all contractions C, i.e. operators of norm less than or equal 
to one. 

Theorem 2.4. Let f be a non-negative operator monotone function on [0,oo). Let 
A and Ai (1 < i < n) be positive operators with spectra in [A, (1 + 2-\/2)A] for some 
A G M+. Then 

(i) For every isometry C G M{J^), 

f{C*AC)<2C*f(^^^C. 

(ii) For operators Ci (i = 1, ■ ■ ■ , n) with Yl^=i ^i^i = ^> 



Proof (i) Put X 
C D 



A 
A 



D = (I - CC*)2, V 



C -D 



and U 



C* 

. It is easy to see that U and V are unitary operators. So sp{U*XU) 



-C* 

sp{V*XV) = sp{X) C [A, (1 + 2v^)A], where "sp" stands for spectrum. Thus 



f{C*AC) 

fiDAD + CAC* 



whence f{C*AC) < 2C*f (|) C. 
(ii) Set 



C 



( cA 



C*AC 

DAD + CAC* 



/ 
/ 



<f(u*ju)+f(v*^v 



u*f{^)u + v*f (^]V 



2 1 c*f{^)c 







D/(4)D + C/(4)C* 



A 



(A, 



\ 



\ 



An I 
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Thus 



□ 



Corollary 2.5. Let A G M+ and G [A, (1 + 2v^)A)] {i = I, - ■ ■ ,n). Let f be a 
non-negative operator monotone function on [0, oo) and Ai he positive operators such 
that Yll=i Ai = I ■ Then 



n 



/(J]tu.A)<2 5^/(^)A 



i=l 



Proof. Put Cj = Af in part (ii) of Theorem 2.4. □ 

Theorem 2.6. Let A, B E B(^)+. Then B'^ < if and only if for each operator 
convex function f on [0, oo) with /^(O) > it holds that 

m < f{A) 

Proof. Let A,Be B(^)+. Suppose that for each operator convex function / on [0, oo) 
with /+(0) > we have f{B) < f{A). Due to f{t) = t^ is operator convex on [0, oo) 
and /+(0) > 0, we get B"^ < A^ . 

Next we show the converse. First assume that A and B are invertible positive 
operators such that B"^ < A^. Then AA"^ + A'^ < Ai?"^ + B~^ . This inequality is 
equivalent to {XB~^ + B^^)^^ < (AA~^ + A~^)^^ and this is, in turn, equivalent to 
B'^{B + A)~^ < A'^{A + A)"^ On the other hand fx{t) = ^ is operator convex on 
[0,oo),so/,(i?)<A(yl). 

If A and B are positive and {A — B,A + B) G Ai{J^), then for each e > let us set 
A, = A + e and B, = B + e. Then (A, - S„ A, + B,) G Mi^JT). Hence 

fx{B + e)<f,{A + e). 

Letting e ^ we get fx{B) < fx{A). 

Now suppose that / is an operator convex function on [0, oo) with /^(O) > 0. It is 
known that / can be represented on [0, oo) by 



fit) = /(O) + I3t + ^t'+ f,{t) d^iiX) , (4) 

Jo 

where 7 > 0, /3 = /+(0) and /i is a positive measure on [0, 00); see [5, Chapter V]. If 

POD 

fit) = / fxit) dfliX) , 
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then due to f\{B) < fx{A) for each A G M+ we have 

fiB) < f{A) . 

Since 7, > and B'^ < the vahdity of f{B) < f{A) is deduced in the general case 
when / is given by (4). □ 

Remark 2.7. It follows from the identity 

{A -B){A + B) + {A + B){A - B) = 2{A^ 

that B^ < A^ if and only ii {A- B,A + B) e M{^) . 

We need the Lowner Theorem for establishing our next main result. 

Theorem 2.8. [10, Lowner Theorem] A function g defined on (a, b) is operator mono- 
tone if and only if it is analytic in {a,b), can analytically be continued to the whole 
upper half-plane {z E C : Im{z) > 0} and represents there an analytic function whose 
imaginary part is non-negative. 

Theorem 2.9. Let g be a non-negative operator monotone function on an interval 
{a,b). Let g{z) = u{z) + iv{z) be its analytic continuation to the upper half-plane. 
Then for each operator convex function f on [0, 00) with /^(O) > 0, f o g is operator 
monotone on (a, b) if and only if u{z) > on the upper half-plane. 

Proof. Assume that u{z) > 0. By the Lowner Theorem 2.8, v{z) > on the upper half- 
plane. One then sees that g maps the upper half-plane into the first quadrant of plane. 
Hence g"^ maps the upper half-plane into itself. Utilizing again the Lowner Theorem we 
conclude that g"^ is operator monotone. Assume that A and B are self-adjoint operators 
with spectra in (a, b) and B < A. It follows from {g{A) - g{B)){g{A) + g{B)) + {g{A) + 
gmigiA) - gm = 2{g{A)' - g{Bf) that {g{A) - g{B),g{A) + g{B)) G M{J^). 
Now Theorem 2.6 implies that for each operator convex function / on [0, 00) with 
/+(0) > the function f o g is operator monotone on (a, b). 

Conversely, assume that there would be a complex number zq with Im^o > such that 
u{zq) < 0. Because g is operator monotone, v{zq) > 0. Hence | < Arg{g{zQ)) < n. 
Therefore vr < Arg (5^^(2:0)) < Stt. So that Im g'^{zQ) < 0. Using the Lowner Theorem 
2.8, g"^ is not operator monotone on (a, 6), which is a contradiction, since f{x) = is 
operator convex on (0, 00). □ 

Remark 2.10. If a non-negative operator monotone function g on an interval {a,b) is 
not a zero constant function and u{z) > on the domain of g, then u{z) > on this 
domain. To see this note that: 



-B^) 
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(i) If for some to ^ (c^i b) we have 5'(to) = 0, then there exists R > such that g can be 
represented as g{t) = Yl'^=i ^~^r^('^ ~ ^o)" for all t G (to — R, to + R) [ I, p. 63]. Since g 
is a non-negative monotone function, g(t) = for all t < to. Hence g^"'\to) = for all 
n, so g is zero on the neighborhood (to — -R, to + R) of to- Thus {t : g{t) = 0} is clopen. 
Hence g is zero on (a, b) contradicting the assumption above. Thus g{t) > on (a, b). 

(ii) If (7 7^ is a constant function, then clearly u{z) > 0. 

(iii) If g is not a constant function, then by the open mapping theorem for non-constant 
analytic functions, u maps the upper half-plane into {z : Imz > & u{z) > 0}. 

Corollary 2.11. Let < p < | and let f be an operator convex function on [0, oo) 
with /+(0) > 0. IfB< A, then 

f{Bn < fiAn . 

Proof. Since for < p < | the function g(t) = t^ is non- negative operator monotone 
and g takes the upper half-plane into the first quarter of plane, by Theorem 2.9 we get 
f o g is operator monotone on [0, oo). □ 

Corollary 2.12. Let Q < p < \ and f be a non-negative operator monotone function 
on [0, oo). Then for positive operators A and B with B < A, 

(i) BPfiBP) < A^fiAP); 

(ii) If f is strictly positive on (0, oo) and A,B are invertible, then AP~^f{AP) < 
BP~\f{BP). 

Proof, (i) Due to / is operator monotone on [0, oo), by [8, Theorem 2.4], the function 
g{t) = tf{t) is operator convex on [0, oo), hence ^+(0) = /(O) > 0. Corollary 2.11 then 
yields 

BPf{BP) < APf{AP) . 

(ii) By part (i), h{t) = t^ f{tf) is operator monotone on (0, oo). By [S, Corollary 2.6]), 
th{t)~^ is operator monotone, hence 

B^-Pf{BP)'^ < A^~Pf{AP)-^ . 

Therefore 

AP-^f{AP) < BP~^f{BP) . 

□ 
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